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Abstract. We consider scalar field theory in the D-dimensional space with nontrivial 
metric and local action functional of most general form. It is possible to construct for 
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1. Introduction 

Essential achievements in investigations of quantum field theoretical models were 
obtained on the basis of analysis of their symmetry properties and algebraic structures. 
The higher is the symmetry, the more restrictions put it on the possible form of 
correlation functions. It is known that the conformal invariance dehnes two point 
correlation functions up to a constant amplitude and three point ones as a hnite 
linear combination of known functions (Polyakov triangles) with constant coefficients 
In studies of 2-dimensionaI conformal held theory it was found that the 
Virasoro algebra described its most fundamental features 0,0 An approach to the 
extension of these methods on conformal held theory in D dimensions was suggested 
in jHj for any D. In this papers, it was proposed to use the algebra of the general 
coordinate transformation as an analog of the Virasoro algebra for the D-dimensional 
case. In [2] the Green functions for operators 0^, 0"^ were studied in the theory 0^. For 
a generalized diheomorphism combined from diheomorphism and Weyl transformations 
the Ward identities for these Green functions were obtained which are similar to ones 
used in 2-dimension conformal theory. In this paper we generalize the results of [H] for all 
the composite operators of the scalar D-dimensional conformal hed theory and construct 
the inhnite algebraic structure analogous to one presented by Virasoro algebra in two 
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dimensions. For this purpose we analyze the diffeomorphism and Weyl transformation 
in D-dimensional curved space and the most essential features of the renormalization 
procedure in quantum held theory jjj. We use the Wilson operator product expansion 
and crossing symmetry for construction of sum rules for critical exponents and Wilson 
coefficients in conformal held theory [H]. 


2. Diffeomorphism transformations 


For the curved D-dimensional space with metric 7 ^ 1 ,, the general coordinate 
(diheomorphism) transformations are dehned in the following way. The inhnitesimal 
reparametrization of the coordinates x is written as : = a^{x), where (y.^{x) 

are the parameters of transformation. The commutation relation for diheomorphism 
transformations (DT) is of the form: 

rrDT );DT-\ xDT /-i \ 

where [a,/3] = (aV)/3 — (/3V)a is the commutator of vector helds (Va denotes the 
covariant derivative, Va 7 /ji/ = 0). For tensor helds, 

S!^^F{x) = L^F{x) (2) 

Here La denotes the Lie derivative dehned by the vector held a^{x): 




Z=1 


Z=1 


Particularly, for the scalar held </> and the metric 7 ^ 1 /(x) 

= (aV)0(a;), (3) 

Let us introduce the notation: 

<"(7) = - ^(Va)7^". 

The vector a{x) for which = 0 and the corresponding transformation = 6a'^ 
will be called conformal ones. It is well known that in the hat space 6^'^^x is 
the conformal transformation (CT) of the coordinates x. The commutator [a,/!] of 
conformal vectors a, /3 is conformal. Therefore it follows from m that the CTs form a 
subgroup of the DT group. This subgroup will be called conformal. 

Let denotes the covariant tensor, obtained by multiplications of the 

covariant derivatives of the held and the curvature tensors with possible contraction 
of part of the indices. The set {$} of all such tensors can be used as the basis for 
constructing diheomorphism invariant local functionals of the held fi. Thus the most 
general form of the diheomorphism invariant local action of the held in the curved 
D-dimensional space can be written as follows [3,4]: 


S{A,-f,(j)) = j dx^L{(f){x),A{x)), 
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L{(f){x),A{x),'y{x)) = Afix)^i{x) 

and A* (x) denotes the contravariant tensor sonrce corresponding to the covariant tensor 
held $ 4 ( 0 ;). In the Lagrangian the indices of sonrces and the helds are contracted. 

The generating fnnctional for the connected Green fnnctions of the Enclidean 
qnantnm held theory with action S has the form: 

hh(yl, 7 ) = 111 y A)}D(j) 


The metric Jnuix) can be considered as the sonrce for the energy-momentnm tensor. 

Taking into acconnt the diheomorphism invariance of the action A) and nsing 
the Schwinger eqnations for W it is easy to show that the fnnctional W{A, 7 ) is invariant 
in respect to the DTs: 

5f^IT(A7)=^r^(A7)=0. (4) 

We have nsed the notation: 




- xOT, 


57 






6 

Ja^ 


where 5^'^A^ are dehned by ©, ®. Obvionsly, the operators Dl^'^{A,'y) form 

a representation of the diheomorphism algebra: 


[^f^(^,7),^r(A7)] 


D 


DT 


( 41 , 7 )- 


3. Weyl transformations 


We consider now the gronp of the Weyl transformations (WT). For the metric 7 ^ 1 /, the 
inhnitesimal WT is dehned as the local rescaling 

=-2a{x)'^^fix) (5) 


specihed by the scalar fnnction a{x). 

These transformations form the commntative algebra: 

[C,^r] = 0. (6) 

For the held we dehne the WT in the following way: 

= (T{x)d^(j){x), (7) 

where d^ = {D — 2)/2 is the canonical dimension of the held fi. The dehnitions ®, (f7jl 
make it possible to dehne the WT for the set of helds <I>: 
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with the matrix M/ (a) = Ml (a, 7 ) satisfying the relation: 

+ [M(a), M(p)] = 0, 

01UV 0-i. 


( 8 ) 


1 


Let us dehne the operator 


were 


or (A, 7,^) ^ + ^ 

Olipv 0(f) Y 


e-4' ^ i: Ids' - M}(a)) Al 




(9) 


It can be considered as a general form of inhnitesimal WT suitable for all helds and 
sources because from ©, © it follows that 

|DJ'(A7,^),7"'(A7,.#')1 = 0. 

For the WT dehned in this way one can easily prove that the action S is invariant: 

B"'(X7,^)S(A,7,.#.)=0. (10) 

As for the case of the DTs, it follows from m that the functional W is invariant 
in respect to the WTs: 

D”(A,^)W = (l (11) 

where 

/) _ ... . S 

( 12 ) 


D«(A, 7) ^ D'^(A, 7,0) = C7„. A- + ^ V 

Ol^u i 


6A^ 


The operators (A, 7 ) form a representation of the WT algebra: 


[D^{A,j),D^{A,j)] = 0. 


For a constant a, 

= Miia)=Siadj, 5^ A^ = d,aA\ 

where the constant parameters di = dfiD), di = D — di = dfiD) are the dimensions of 
the held <I)j and source Ah For the held <l)o = do = D and for corresponding 

source A°, do = 0. If the source A* is dimensionless, i.e. dfiD) = 0, for some dehnite 
value D = T>i of the space dimension, this dimension T>i is called logarithmic for Aj. For 
given V we denote the dimensions of helds and sources as = dj\D=v, d!j^ = dj\D=v- 
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To perform the renormalization procedure we choose the source A that dehnes the 
logarithmic dimension of space V which is considered as a hxed parameter specifying 
the renormalized theory. The generating functional of renormalized Green functions Wr 
is dehned as follows: 

Wr(J,7)^W(A(J,j),j). 

The functions A{J.,'y) in the right hand side are of the form: 

A^ = fi^^F\J,^,D). ( 13 ) 

Here /i is an auxiliary scaling parameter , 


A. = A.(B) = J,(£>) - 


= 1 . 


J=0 


The function F{J,'j,D) obeys the homogeneity condition 

where 

i 11 


(14) 


(15) 


/it' 


It is supposed also that the functions J(A, 7 ) dehned by (IT^ are the tensors with respect 
to the DTs: 


= KJ\ ( 16 ) 

The operators D^'^{A,'j), D^{A,'y) can be represented in terms of the variables 
of Wr- It follows from (HU), (unD that 

iinA7)=^^n^,7) = ^n^,7), 


(H, 7 ) ^ (J, 7 ) = C7m^t^ + E C 


Si, 




SJ‘ 


(17) 

(18) 


The WT for the sources J can be obtained from ®, (HI, (HI; 

7'J‘(J,7) = Ey (E [<^04 - Mi(a)] F* - 2a^^-FF., 


Si, 

Here Tj is the element of the matrix T dehned as follows: 

^ dF^ . 

Since the commutation relations are independent of the choose of variables, 

[I>7(^.7).»r(-^.7)]=»gfl(^.7). 


[i>r« 7 ).i>r(^. 7 )]=o. 


(19) 

( 20 ) 









Renormalization Group and Infinite Algebraic Structure... 


6 


In virtue of m, (d, d, we obtain Hence, for constant a it 

holds: 

D^{A,j) = aD^°^{A,^) + aY.A,A, ^ 


A A, 


= aD^°%J,^) +aY.fi 

i 


dA, 


dfi 


J=const 


5 

J=const 

d 


A=const 


and 


gw Ji ^ Ji = J- - f, 


dJ^ 


dfi 


( 21 ) 


A=const/ 


It follows from (ED, d that Wr{J,A is invariant in respect to the diffeomorphism 
and Weyl transformations: 

»f’'(^.7)in(J,7)=0, ( 22 ) 

I>i''(J,7)W';(J.7)=0. (23) 

The functional WfiXri Jri J'r) for usual models of the quantum held theory in 
Euclidean D-dimensional space can be constructed from ITr(J, 7 ) in the following way: 


IT^(Aj., Jrp, Jfi) — HA-(Aj. -|- t/j., 7^ T S'))- 


Here Ar,Jr denote the set of renormalized parameters of the model and the set of the 
sources of renormalized composite operators.The source of the energy-momentum tensor 
and the metric of D-dimensional Euqlidean space are denoted by Y ■ If Aj 7 ^ 0 only 
in the case > 0, then the model is renormalizable. By appropriate choosing of the 
functions D* in d for the renormalizable model, the functional WfiXri Jr, J'y) and the 
operators d,d are hnite for J* — Ji + 'ji, 7 —>■ 7 ^ -|- Ty, D = D, hnite parameters 
\r and sources Jr, Jy i. PI. n. For Wr{Xr, Jr, J'y) fhe equation by constant a 
appears to be the usual renormalization group equation, if one takes into account m 
and ( 1 ^ with a{x) = xa. 


5. Critical point 

Combining the DT and the WT one can obtain the transformation of the form: 

Oa — Oa . 

D 

As a consequence of the commutation relations CD, (ED, it follows that 

This means, that the transformations 5a form the representation of the 
diffeomorphism algebra. In virtue of ED, ED, 


5ai^'^ = -(ur. 
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■PMl) = L.-. 

Jr. Jr) = JJ/riZr + Jr. 7 ^ + ■/',)■ 
It follows from (Hi), (Ei that 


J,)] = Jr 


' 1)1 


i.e. the operators form the representation of the diffeomorphism algebra. In virtue 
of the diffeomorphism and Weyl invariance of Wr, 


Jri J^)Wr{Xr.i Jt) J-y) — 0. 


(24) 


If 

®;(A-.0.0) = -a,r(7®)^ 

for parameters A^ = A* of renormalized Euclidean theory, we call this set of parameters 
the critical point. It can be proved that this equality is equivalent to equalities dehning 
the hxed point m in the renormalization group theory. 

Let us denote Jry) = 'Dq(A*, Jr, J 7 ) for conformal a. For the flat space , it 

follows from that 

{Jr, Jry)Wr{X\ Jr, Jfi) = 0. (25) 

In virtue of (0, 0) = 0 the equality Ej means the common conformal invariance 
of Euclidean quantum held theory at the critical point. 


6. Wilson expansion 

The obtained inhnite number of Ward identities presenting the investigated algebraic 
structure of conformal held theory are lineare diherential equations for Wr in variation 
derivatives of hrst order. The well known Wilson asymptotic expansion is written as a 
diherential relation including variation derivatives of second order: 

It can be considered as a completing condition for considered algebraic structure. In 
conformal held theory the Wilson-expansion series are convergent HS, the functions 
Kiji{x, y, z) being 3-point correlation function are dehned exactly up to hnite number of 
constant (Wilson coefficients) by dimensions of held operators. In this paper we study 
restrictions following from EED for dimensions of helds and Wilson coefficients. For this 
purpose we introduce some dehnitions and notations. 

Let be a symmetric traceless tensor of rank n constructed from components 
Xa, a = 1, ...,d, of iA-dimensional vector x and Kronecker symbols: 

— rp ... rp r T’si 
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By definition, the contraction of with is written as 


{f} 


xHyin) ^ g ^{n)^2ky2k^^y^n-2k ^ jRn) ^^2y2^ 


k=0 


where {n/2} denotes the integer part of n/2, and = 1. With hxing JF("')(0,6) = 
and condition , xy) = 0 the function is dehned unambiguously: 

r'">(a,b) = b’'±dP (A‘ , 4”> = 


k=0 


An) _ (-l)^n!r(^ + n-k-l) 


4^k!(n-2k)!r(( + n-l)' 


We shell use the following notations: 

1 


x) = x^^'^L{a + n; x) 

W ^ {x-y)a {x-z)a 
Xa[x;y,z) = 


{x — yfi {x — zfi^ 

V{ai,a 2 ,cxAXi,X 2 ,X‘i) = 

= L(Ai 2 ; xi - a;2)h(Ai3; xi - xfijL{A2A X2 - X 3 ) = 

= (Xi - X2)~^^^^(Xi - X3)~^^^^(X2 - X3)~^^^^ 

V^'^\a,fi,'y;x,y,z) = V(a,fi,'y;x,y,z)X^^\x;y,z). 
where x, y, z, xi, X 2 , X 3 are vectors of D-dimensional space, and 

ai Oi2 — CX3 Oil a3 — Oi2 A 0:2 + 0:3 — «! 

^12 = -^-, ^13 = - 2 -’ ^23 = - 2 -■ 

The Wilson expansion for the 4-point correlation function W{x, y, s, t) of the scalar 
held $ 0 , with dimension a reads [3], ^2] : 

W{x,y,s,t) = J 2 fin J V^^\pin,a,a;z,x,y)V'^^\f3in,a,a;z,s,t)dz. (27) 

n,l 

Here, fin are the Wilson coefficients, V^^\z, x, y, fiin, a, a) is (up to a constant amplitude) 
the 3-point correlation function of two helds and one symmetric traceless 1-component 
tensor held with dimension d„, and fiin denotes the ’’shadow” in respect to dni dimension: 

fiin = 2 ^- Pm - 21 . 

In virtue of x,y;Pm,a,a) = {-lYV^^fz, x,y; Pm, Oi, a) and symmetry 

W{x, y, s,t) = W{y, x, s,t) = W{x, s, y, t) we conclude that in (|77|l the summation 
parameter I is even, and the crossing symmetry equation 

V'^^\Pm,oi,a;z,x,y)V^^\pm, 0 !,a;z,s,t)dz = (28) 


n^l 


T.fin J V‘f\Pu,a,a;z,x, s)V^^\Pm,a,a;z,yfi)dz 

n,l 


must be fulhlled. It is a non-trivial restriction on the possible values of the Wilson 
coefficients and dimensions of helds. We show how one can be expressed in a form of 
exact analytical relations not containing coordinates x, y, s, t, z. 
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It will be convenient for compact writing of formnlas to use the notation ^ for half 
dimension of space D and a short notation for the product of F-functions: 

r(a,6,---,c)^r(a)r(6)---r(c). 

If our expressions will contain the letter with prime, it will have the following meaning: 
a' = ^ — a. 


The equality is exact, but one is a integral equation with inhnite number of terms, 
and a direct analysis of them is not easy. We obtain an evident form for the following 
consequence of crossing symmetry equation 

(s - z,x, y)V^‘>(i3in,a,a;z,s,t) 


T.f‘n I 

= Y.flr 

n,l 


(s - t)2(7+m) 

(g _ Q,. a, a-, z, y, t) 

(s - t)2{7+m) 


dxdsdz = 


dxdsdz (29) 


It is important that (Ei must be fulhlled for arbitrary 7 and all integer m. 

The hrst step of calculation is a direct integration over x. In Appendix it is shown 
that with help of the formula 


J (a; X — z)L(l3; z — y)dz = 
r(a + n, p, 24 — a — p) 


(30) 


one can integrate V^’‘\z, x,y; Pin, a, a) over x. After that the crossing symmetry 
equation takes the form: 


T.fL 


In 


nd 


= Y.fL 

n,l 


(s - t)^'^\y - zY^'>V^^'>{Pin,a,a;z,s,t) 

(s — t)2(7+'"*)(y — 2^)2(a+i—^)+/3in 

f (s - - zfiW^^\pin, a, a-, z, y, t) 

' (g — t)2(7+™)(g — — 


dsdz = 


dsdz, 


(31) 


rl _ r g r(a' + Pln/^I + I, —a' , ^ — Pln/‘I) 

Jin - JlnT^ 24 - a, An/2 + 1) ' 

Now we do contractions of indexes in (EH). For compact writing of results we use the 
shift operator acting on functions of e as follows: 


TJ( 6 ) = /(6+1). 

Let us denote A = (ai, 02 , as), AT = (xi,X 2 ,X 3 ), E = ( 61 , 62 , 63 ), R = (pi,p 2 ,P 3 ), 

5(A; X) = S'(ai, 0 : 2 , as; Xi, X 2 , X 3 ) = (32) 

J L{ai,xi - y)L{a2, X2 - y)L{a3, X3 - y)dy, 

= Sn{<yi, OI2, 013-, Xi, X2, X3) = 

J xi - y)X^'^\y; X2, X3)L{a2; X2 - y)L{a3, X3 - y)dy 


(33) 
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It is shown in Appendix that the result of contraction of tensor indexes in the function 
Sn{A;X) can be presented as 

Sn{A;X) = T^^\E,R)G{A,E,R)S{A + R;X)\e=r=o, (34) 

where 


T^^\E,R)=E^^\M{E,R)M{E,R)), 

M{E, R) = TlT,, [(T,, + T,3)(T,,T,, + 

M{E, R) = -Tgj [(Te2 + T^^)(Tp^ — Tpg) + - 


i=l 


a 


nli 


+ Pi) 


^{Oinli + Ci, 1 ~ Oinli) 


, f^nl * * finl , 

^nll (y ~r 2 > ’ ^nl2 *^n/3 S 


T T T 1 

€2espi J 


r,K,]. 


With (jd4|l the problem of integration in m is reduced to the case I = 0 and is solved 
directly bei integration formula 0 (see Appendix). The hnal result is formulated in 
the following way. The crossing symmetry relation m is equivalent to the equality 


fL^nfia, finh 7 , m) = 0 (35) 

nl 

fulhlling for arbitrary value of parameter 7 and integer m > 0. The function 
4/„i(a, Pn/; 7 , m) can be written in the form 

^ni{a, finh 7, H R)Q{a, finu E, R)Vtm{a, finu 7, R) U=i?=o, 


where 


Q{a,fini,E,R) 


7rAi+^)(^-iyi+P2Y[a^i^ + P3,l - + pg) 

sin(7ra;;i) sin(7r<;2) IlLi ^(ocnii + ^,1- ’ 


finly 'yy R) 

^ r(cr(,(T^,cr^ + m,cr 4 + m) _ + m,T!^ + m) 

r((Ti + m, ct 2 + m, 0 - 3 , CT 4 ) r(ri + m, r 2 + m, T3, rfi) ’ 

with 

O'nll = 7 + a H- - -^ 0 'nl 2 = 7 + tt- - -/ + P2 + PS) 

O'nZS = 2.^ — a — P 2 ~ 7) <^nZ4 = 3.^ + / — 2Q! — Pi — P 2 ~ Ps ~ 7) 

Tnll =7, 'rnZ2 = a - ^ + Pi + P3 + 7 - 

O ^ f^nl 

rnZ3 = 34 - — - a - Pi - 7, 

^7(4 = 24 + 2/ + ^ - a - Pi - P2 - P3 - 7- 
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It has been shown that for scalar Euclidean held theories at the critical point 
Xr = X* the operators V^^Xr, Jr, Jfi represent the generators of the DTs. The 
functional Jr, Jfi) is invariant in respect to the inhnite set of the TDs dehned by 

JX^iXr, Jr, J-y) and conformal transformations of H-dimensional Euclidean space. The 
Ward identities (El, (El are the formal expressions of this invariance. 

The Weyl invariance is described by equation (El, where the WT is presented with 
differential operator 7 ). For constant a it generates the usual renormalization 

group equation, if one puts in (El a{x) = xa. With arbitrary a{x) El could be 
regarded as a solution of the considered in El problem of local generalization of 
renormalization group equations. 

The Wilson expansion (El is included as an additional relation for constructed 
algebraic structure. It was used for derivation of sum rule (El which must be fulhlled for 
arbitrary A and integer m. This nontrivial condition enables to hope that El contains 
essential information about dimensions of composite operators and Wilson coefficients. 

We have obtained the following result. There is an inhnite algebraic structure 
corresponding to each model of conformal held theory. It is given by the commutation 
relations El, (El, Wilson expansion formula (El, Ward identities (El, (El, (El and 
by choosing of logarithmic dimension T> dehning dimensions of sources . An addition 
restriction follows from the sum rules El- Thus, the problem could be to elaborate the 
method of direct construction of the structure of such a kind. 
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Appendix A. Details of calculations 


We present some technical aspects of calculation methods used in this paper. The basic 
formula for our integration over coordinates of D-dimensional space is 


J L(a; X - z - y)dz = n(a, (3, 7 )^( 7 '; x-y), 

7 = 2 ^ - a - /?, v{a, fl, 7 ) = TT^ 


(A.l) 


£ rK/j',y) 

- -TT’ _ 


r(a,^,7) 

It can be easily proven with help of Fourier transformation m. For derivatives we have: 


L^^\a;x) = 


^ 2 (a+n) 2^r{a + n) 




(n) 


r(a) 


r(a + e)x 


2a 


Trdr 


(n) 


r(a) 


e=0 


r(Q: -|- e) 


L(a; x) 


, (A. 2 ) 


e=0 
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(d!rHa-,x) = ^ 4«r(a + ".n + 1 - o,') 


X 


r(a, 1 — a')x‘^G+i^) 


12 

(A.3) 


_/.T. Nnr(a+ P,P+1 - a') w , X 

— (^Tp) -F 77 ~i- - - L{a + p,x) 


p=0 


r(a, 1 ~ Q^O 

From dHU, (|I3 we obtain the generalization of (HH): 

J L^'^\a]x - z)L{fi]z - y)dz = - y), (A.4) 

^ r(a + n,/?,7) • 

For calculation of the integral over x in (Ei we use the inversion operator R acting 
on the function of the H-dimensional vectors and defined as 

Rx = ^, Rf{x, y,---,z) = f{Rx, Ry,---, Rz). 
oc 

One has the following properties 

1 


R^^ = R^ = R 


fiiay2a 


X 


Icy. 


R\{fi]y,z)=y — z, det 
Therefore, we obtain: 


{x — yfi^ (x — 2 /)^"’ 
' d{Rx)\ 


dx 


X 


1 

'm' 


j x, y; 13, a, a)dx = R^ j x, y; f3, a, a)dx 

= R J~ Rx, Ry, (3, a, a)d{Rx) = 


= R 


[X 


-y)W 


^‘2,(^cl — (y'jy —2ct_ /jj'^‘2iCy — 


dx = 


fi){a-f3/2-l,2^-a,f3/2 + l)y(^) 


y 


20 - 0+/9 


Hence, 


J V^^\z, X, y; (3, a, a, )dx = 


v^^\a - {3/2 -1,2^- a, [3/2 + l)L^^\a - i + ^-,y - z). 

Thus, after integration over x in (EHD one obtains dsn. 

It follows from definition of \{x-,y,z)^ and ()A.2fl that: 

Kx]y,z)^ 


(x — — zfid 

= D^{y,z-,ei,e2) 




F(a + ei,/3 + e2)(x - yfi°^{x - zfi^ 


ei=e2=0 


and 


\^'^\x-,y,z) 

{x — yY^{x — zfid 

= D^'^Ky^z] € 1 , 62 ) 


T{a,(3) 


F(q; + ei,/3 + e2)(x - yfi^{x - zfid 


61=62=0 
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Dfiy,z; €1,62) = 


A. 

dy. 


A. 

'dz„ 


Using (|I 3 ) and notations (1221), dnnD we obtain the following equality 


G{A,E) = 


(n) 


D^^\x2, xs; 62, 63)G(A, E)SiA-, X)\e=o, 


r(ai, Q!2, tta) 


r(ai + ei, 02 + 62 , 03 + ^ 3 ) 

The function S'(yl;X) is invariant in respect to translations, i.e. S{A]Xi,X 2 ,xfi) = 
S{A] xi + y,X 2 + y, X 3 + y). Therefore 

{dxi + 9x2 + 9x3)S{A] X) = 0, 

X) = - dl - Si.)S(A-,X), 

where i, j, k = 1,2,3 and i j,i ^ k, j ^ k. By means of (EH, we obtain 

D^\x 2 , xs; 62 , e 3 )G{A, E)S{A-, X)\e=o = 

= {T^dl+Tldl - 2T,,T,,dx,dx,y GiA,E)S{A-,X)\E=o = 

= M{E, R)’^G{A, E, R)S{A + R- X)\e=o,r=o, 
where R = {pi,p 2 ,P 2 ), 

M{E, R) = [(T^a + Te3){T^2Tp2 + Tefidlpfi) - T^fiT^fiEp.^], 

G(A, B. fl,) = n r(y + ft.l-a' + ft) 

i=l r(*^i + 6j, 1 — Oj) 

Analogously we obtain the relation 


T B 

Fl G/' 




where 


D{x2, X3-, 62,63) G{A, E)S{A-, X) U=o = 


= iR3dx,dx3-T,2dx,dxAG{A,E)S{A-,X)\E=o = 

= M{E, RyG{A, E, R)S{A + R- X)\e=o,r=o, 


M{E,R) = -Rfi{R,+R,){Tp,-Tp,) + {R,-R,)Tp,]. 


Thus, we have shown that the result of contraction of tensor indexes in the function 
S'„(A; X) can be presented as 

X) = TW(E, R)G{A, E, R)S{A + R; X) ^=^=0, 

where 

T^^\E,R) = E^^\M{E,R),M{E,R)). 
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We can write the crossing symmetry equation m as 

J2fnl / Sn{anll,anl 2 ,anl 3 ',y,Sfi)L^'^\Cnl + 'y,S -t)ds = 

n,l '' 

= J2fni j Snianii,ani2,Oini3;s,y,t)L^"^\'y;s-t)L{Cni;y-t)ds 
n,l 


with 


^nll 


finl 


Oi , anl2 — Olnl3 — 


finl > finl 

—, Qnl-Ot- —. 


By means of (jS3I) we obtain 


J S{ai, 02 , as; y, S, t)L^'^\C + 7; s - t)ds = 

= <hi(ai,a2,a3,C,7,H-^^”'n«i + a2 + as + C + 7 - 2^; ^ - 2/), 

J S{ai, a 2 , as; s, y, t)L^^\'y; s - t)L{C; s - y)ds = 

= $2(ai,a2,as,C,7,H-^^”'n«i + «2 + as + C + 7 - 2^; t - 2/), 


where 


<l)i(ai,a 2 ,as,C, 7 ,H = i^m (7 + C, «2, 2 ^ - aa - 7-C) x 
xum(7 + C + «2 + as - ai, 3 ^ - ai - aa - as - 7 - C), 


*h2(ai, aa, as, C, 7 , H 2 ^ - ai - 7 ) x 

xnm(ai + aa + 7 - «3, 3^ - ai - aa - as - 7 ). 


Let us denote 


^(- 4 , C, 7, m) = 4)(ai, aa, as, C, 7, m) = <hi(7l, C, 7, H - ^2{A, C, 7, 

Pnl] 7) 1 ^) = T^^\E, R)G{Anl, -E, -R)<h(A„Z + -R, 7, Cni)|s=_R=0, 
where = (a„;i, a^za, a^zs)- The equation (p?T|l reads 


II/nz4'nK«,/5n7 7,"i) = 0- 

nl 


It is fulhlled for arbitrary value of parameter 7 and integer m > 0. Using notations 
E = {ei, 63 , Ca), R= {pi,p3, P 2 ), 


Am{l2l,lZ2;iZ3,l^4) 


r(z/i, z/2, z /3 + m, z/4 + m) 
r(z/i + m, z/a + m, 1/3,1/4) ’ 


2 ■p' / / \ 

^l{Anl + R,'y,m) = x4m(crnZl, CTnZ 2 ; (^nl3, <7^/4), 

r(a„zi + pi) 

I I fdnl , 1 I 7 I I 

^nzi — 7 + a + -s+b a„z 2 — 7 + ct-^-< + P 2 + PS) 

o'nzs = 2^ — a — Pa — 7) <^nZ4 = 3 ^ + / — 2a — pi — pa — ps — 7, 

*h2(^nZ + -R, 7) "i) = n -AmiTnll, Tn^, TnZS, TnZ4), 

i=i r(anZi + Pi) 


we write 
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’Trill — li 'Tnl2 — Ol — l + Pi+Ps + 'y — 


'TnlS = 3.^ 


finl 


- a - Pi - 7, 

finl 


TnM = 2^ + 2/ + — - a - Pi - P2 - P3 - 7- 
Taking into acconnt that r(l — x,x) = vr/sin( 7 ra;), we obtain 


n 

i=l 

2 


= TT 


*=1 ^{anli + Pi) 

+ Pi, 1 — Cl'^li + Pi, Cl'nli ~ Pi) ^io:nl2 + P3; 1 ~ Clnl2 + Ps) 
r(Q;nZi + Q, 1 — ClnZO ^Inli + Pi) I'{cinl2 + ^3, 1 ~ 0>nl2) 

r(Q;nZ2 + PS; 1 ~ «nZ2 + Ps) -A- 1 


n 


sin(7r«;i - pi)) sin(7r«;2 “ P 2 )) *=i r(a„z* + e*, 1 - 


For integer m, and for even n 

sin(Q; + Tim) = (—1)™' sin(Q;), 

R)G{Ar,l, E, R)^2{Anl + R, 7 , Cnz) U=r=o = 

= (E, E, R)^ 2 {Anl + 7, Cnz) U=R=0 = 

= T(") (E, E, R)^ 2 {A^I + i?, 7, Cnz) U=R=o. 

Therefore we can present the fnnction 'F„;(q;, 7 , m) as follows: 

'hnz(a, finh 7, m) = T^'^\E, R)Q{a, finU E, R)VLm{oi, finl, 7, R)\e=r=o, 


where 


r,(^ p F m = + P3,1 - anZ2 + Ps) 

^ sin(7raU)sin(7r<,2)nLirKz. + Q,l-<zJ’ 

Pnh'y 1 

= A m (^nZl) ^nZ2j ^nZ3) ^nZ4) *^m(FiZl) FiZ2j 'TnlUi 'Tnlfi)' 
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